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The nonlinear behavior of rolling-element bearings and 
squeeze-film dampers is well recognized; stiffness coefficients 
(and for dampers, damping coefficients also) increase as 
vibration amplitude increases. In the design of rotating systems 
using these elements, nonlinear aspects must be accounted for, 
and support properties chosen to handle the specific imbalance 
expected. 
Rolling-element bearings (e.g., ball bearings) are often used 
in combination with squeeze-film dampers (SFD). However, 
there seems to be no public information on the interaction of 
these two nonlinear elements. The purpose of this paper is to 
analytically document this interaction, and provide design 
guidance to optimize system performance for normal and 
extraordinary imbalance levels. Results show that a well-
designed SFD in conjunction with a ball bearing performs 
similar to an optimized linear support with linear bearing, but 
care must be taken to ensure that the SFD can handle the 
maximum load encountered. 
 
INTRODUCTION 
Rotordynamic response of all but very flexible rotors 
depends strongly on bearing and support properties. When 
bearings and supports are nonlinear, accurate rotor response 
cannot be obtained by use of average properties. Fluid film 
bearings are often reasonably linear for small deflections 
(although properties usually vary strongly with speed), but 
rolling-element bearings have a much less linear force-
displacement relationship. Moreover, since rolling-element 
bearings have very low damping, rotors for many applications 
(e.g., gas turbines) are often supported in squeeze film dampers 
(SFD) in order to ensure low vibration response. Squeeze film 
dampers are themselves nonlinear. Damping coefficients are 
fairly constant for low vibration amplitudes, but stiffness 
increases directly with amplitude as well as with speed. Both 
stiffness and damping coefficients increase greatly as the 
damper amplitude approaches the damper clearance. 
Previous work by Fleming and Poplawski [1] examined the 
behavior of a ball-bearing rotor on rigid supports; representative 
results appear in figure 1. Results are compared with two cases 
of constant bearing stiffness. The response for the actual 
nonlinear bearings differs considerably from the linear bearing 
cases. One particular feature to note is bistable operation: near 
the critical speed, vibration amplitude is much larger when the 
speed is increasing than when speed decreases. This is typical 
for bearings that become stiffer as deflection increases. 
The purpose of this paper is to investigate unbalance 
response when nonlinear rolling-element bearings are combined 
with nonlinear squeeze film dampers. 
 
Speed, rpm
 Figure 1. Rotor amplitude for fixed and variable 
bearing stiffness; imbalance 1.2 g cm (from [1])
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Bd SFD damping coefficient, N s/m 
Dimensionless SFD damping coefficient, eq. 5  
c SFD radial clearance, m 
e SFD radial displacement, m 
Gd SFD geometry and fluid viscosity group, µRL
3/c3 
Kd SFD stiffness coefficient, n/m 
Dimensionless SFD stiffness coefficient, eq. 4 
M1 Total suspended support mass, kg 
L SFD length, m 
R SFD radius, m 
u Rotor imbalance, g cm 
ε SFD eccentricity ratio, e/c 
µ Damper fluid viscosity, N sec/m2   
ω Rotational speed, rad/s 




1 Damped support 
2  Rotor and bearing assembly 
ANALYTICAL SYSTEM AND PROCEDURE 
Figure 2 is a drawing of the shaft system. It depicts a fairly 
stiff shaft with concentrated masses (which may represent 
compressor or turbine wheels) at stations 5 and 7. In total, 11 
stations and 10 elements were used in the model. Radial (deep 
groove) ball bearings of 25 mm bore diameter are at stations 2 
and 10. The shaft material is steel; total mass of the shaft system 
is 4.6 kg. This is the same shaft system used in [1], with the 
exception of the dampers added for the present work. As 
depicted in figure 2, each support has a damper mass M1/2 
interposed between the shaft bearing and the flexible elements 
of the support. Further details on the rotor model are in the 
Appendix. 
Bearing Properties  
Bearings are also the same as in [1]. Ball bearing stiffness 
was determined through use of the code COBRA-AHS [2]. A 
power series curve was fitted to the stiffness data to enable 
rapid calculation by the rotor response code. Figure 3 shows 
stiffness, that is, load divided by deflection, for several speeds. 
Note that, for all speeds, there is an order of magnitude stiffness 
increase over the load range of the figure. This illustrates the 
significant nonlinearity of this ball bearing, and is typical of 
rolling-element bearings. Stiffness decreases as speed increases. 
This occurs because centrifugal loads cause a deflection within 
the contact between the ball and outer race which adds to the 
deflection due to the applied load; more deflection for the same 
applied load means lower stiffness. Ball bearing damping is so 
small as to be negligible. 
Squeeze film damper properties  
 A squeeze film damper is illustrated in figure 4.  
Physically it is a simple device; it is essentially a journal 
bearing that is constrained from rotating. Yet enormous effort 
has gone into trying to understand the nuances of its operation; 
Moraru [3] presents a summary of this work. At times, however, 
a simple analysis may yield results that correlate well with 
experiment.  
 When the damper length is much less than the diameter 
(short bearing), and the fluid film is cavitated (π-film 
assumption, i.e., negative film pressures are ignored), tractable 
analytical results may be readily obtained (see, e.g., [4] and [5] 
for discussions of short bearing analysis and cavitation). 
Experimental damping values obtained by Cunningham [6] 
Length, cm
Figure 2 - Sketch of rotor with damped support.
































M1/ 2 M1/ 2
Radial deflection, microns
Figure 3. Ball bearing stiffness (from [1]).
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agreed well with short bearing analysis (stiffness results were 
not shown). Experimental direct damping results presented by 
Zeidan et al. [7] displayed some variability, but were generally 
within a factor of two of the analysis, while stiffness results  
were somewhat closer to analysis. 
 Cunningham et al. present a summary of squeeze film 
damper analysis and the procedure to design an SFD for 
optimum vibration attenuation [8]. From short bearing theory 
with cavitation, squeeze film support stiffness and damping are 
given by 
     ddd KGK ω=        (1) 
and     ddd BGB =        (2) 







µ=        (3) 






=dK      (4) 




=dB      (5) 
Dimensionless SFD stiffness and damping (equations 4 and 5) 
are plotted in figure 5 (squeeze film “stiffness” is actually cross-
coupled damping; however, it has the same effect as stiffness 
and it is convenient to consider it as such). Stiffness is 
proportional to damper eccentricity ratio ε at low values of ε 
(i.e., there is no stiffness at zero eccentricity). Because of this 
characteristic, it is common to use a centering spring, as shown 
in figure 4, to provide a measure of stiffness under all operating 
conditions. Damping is nearly constant for low ε. Both stiffness 
and damping become very large as ε approaches 1.  
Sizing of damper  
 The design procedure of [8] was used; it begins with 
calculation of rotor critical speed for rigid supports and a 
representative bearing stiffness. From the results of [1], a 
stiffness Kb/2 of 70 MN/m per bearing was chosen; this 
produced a first critical speed ωcr of 40 180 rpm = 4208 rad/s, 
and an equivalent rotor mass M2 (modal mass) of 2.8 kg. The 
latter is the concentrated mass that would result in the same 
critical speed as the actual distributed rotor mass of 4.6 kg. A 







=2       (6)         
yielding K2 = 42 MN/m, where the shaft stiffness Ks = 61 
MN/m was determined from strength of material considerations. 
Then the imputed damping for the rotor on rigid supports is  
    B2 = K2 / ωcrA = 1.0 kN s/m   (7) 
or 0.5 kN s/m per bearing. The quantity A is the amplification 
factor, assumed by Cunningham et al. to equal 10 (which is 
realistic for very lightly damped rotors, e.g., supported on 
rolling-element bearings).  
 Next, the suspended mass M1 of the damper was assumed 
to equal the modal mass M2, as was done in [8]. The greatest 
vibration attenuation is obtained with the smallest damper mass 
possible, so if the support mass could be reduced, vibration 
would be lower. However, M1 = M2 is a realistic and 
conservative value. It is shown in [8] that rotor amplitude is 
minimized when K1/K2 = M1/M2. Thus for the present 
Eccentricity ratio  ε                    

























Figure. 5 - Dimensionless squeeze 
film stiffness and damping 
 
Figure 4 - Squeeze film damper (adapted from [8]). 
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assumption of M1 = M2, the desired damper stiffness K1 equals 
the rotor-bearing stiffness K2, and the desired support damping 
is 14 times the imputed rotor-bearing damping [8], or 7 kN s/m 
per bearing.  
 The eccentricity ratio ε at the damper design condition was 
taken to be 0.4. As figure 5 shows, SFD damping is 
approximately constant up to this value. If the support damping 
is 7 kN s/m as noted above (the value needed for minimum 
vibration amplitude at the critical speed ωcr = 4208 rad/s), the 
corresponding SFD stiffness Kd (obtained by using equations 1 
– 5) will be 16.3 MN/m. For each support to provide a total 
stiffness of the desired 21 MN/m (half of K2), an additional 4.7 
MN/m will be obtained through use of a centering spring of this 
stiffness. 
Analysis code  
 Steady-state rotordynamic response codes have been in use 
for many years. One of the early and still viable codes was 
formulated by Lund [9]. It uses the transfer matrix method to 
calculate steady unbalance response of a flexible rotor in 
asymmetric bearings. This code was simplified for the case of 
symmetric bearings (thus circular orbits) by Kirk [10]. The 
transfer matrix method as used in rotordynamic analysis is 
described in, e.g., [11]. 
 Kirk’s code was further modified by the author to enable 
calculations for nonlinear bearings and squeeze film dampers, 
and their combination, by iterating on the bearing and support 
amplitudes. In this procedure, initial assumptions of bearing and 
support displacement are used to calculate stiffness and 
damping for these elements using, for the bearings, the formulas 
of [1], and for the supports, equations 1 – 5. These calculated 
properties are input to the rotordynamic code, and new 
displacements determined. The foregoing steps are repeated 
until convergence is achieved. For numerical stability, a suitable 
relaxation factor is applied to the determination of new 
displacements. 
RESULTS 
 Damper dimensions have so far not been needed. In order 
to calculate damper properties in the rotordynamic analysis 
code, however, the damper clearance must be specified. This 
was chosen as 0.1 mm. Using the guideline that the 
maximum support amplitude is approximately the mass 
eccentricity of the rotor, and that this eccentricity should be no 
more than 40% of the damper clearance (ε = 0.4), the design 
imbalance would be 18 g cm. However, to be conservative, the 
baseline imbalance was chosen as 12 g cm. This is ten times the 
imbalance used to produce figure 1, but use of a damped 
flexible rotor support makes it possible to accommodate much 
higher imbalance (note: the imbalance figures in [1] were 
erroneously reported as 10 times their actual values; however, 
the value shown in fig. 1 is correct). The imbalance is applied at 
rotor station 7, the location of one of the concentrated masses. 
 Four configurations were examined: 
1. Linear bearing and constant optimum support properties; 
2. Linear bearing with squeeze film damper; 
3. Ball bearing and constant optimum support properties; 
4. Ball bearing with squeeze film damper. 
 Figure 6 plots the rotor amplitude at station 10, the bearing 
station closest to the imbalance. Overall, there is no great 
difference among the four configurations. The two cases with 
linear supports show a rapid rise in amplitude as speed 
increases, followed by a slow decline. The two cases with 
squeeze film dampers have higher amplitude at low speed, but 
amplitude then increases more slowly with speed, although 
amplitudes remain higher than with linear supports over most of 
the speed range. The type of bearing used has little influence 
until near the upper end of the speed range, where linear 
bearings produce higher amplitude. 
Speed, rpm

















Linear bearing, linear support
Linear bearing, squeeze film support
Ball bearing, linear support
Ball bearing, squeeze film support
Figure 6 – Rotor amplitude at 

















Linear bearing, linear support
Linear bearing, squeeze film support
Ball bearing, linear support
Ball bearing, squeeze film support
Figure 7 – Bearing load at station 10; 
imbalance 12 g cm. 
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 Figure 7 shows bearing loads increasing steadily with 
speed, with very little difference among the four configurations. 
Near the maximum speed evaluated, bearing loads are 
somewhat lower for the squeeze-film supported bearings, while 
the ball bearing with linear support shows the highest load. 
 Ball bearing stiffness (fig. 8) increases monotonically with 
speed for both the squeeze film support and the hypothetical 
linear support. The 70 MN/m chosen for the constant bearing 
stiffness cases is seen to be lower than the actual ball bearing 
stiffness for all but the low end of the speed range. This means 
that the flexible support design could possibly be improved by 
recalculating the desired support stiffness and damping. 
 Figure 9, for the two squeeze film damper cases, shows that 
eccentricity ratios for speeds above 33 000 rpm are somewhat 
higher than the ε = 0.4 value used in the damper design 
calculations. However, eccentricity remains in the range where 
damping is reasonably constant. 
 Figures 10 and 11 portray support stiffness and damping. 
They show that SFD properties vary considerably over the 
speed range (much more for stiffness than for damping), 
although this does not cause rotor amplitude and bearing load to 
differ greatly from the case with constant support properties. 
Support stiffness increases steadily with speed, in accordance 
with the speed term in equation 4. Damping initially increases 
with speed and then levels out, similar to the results for 
eccentricity ratio in figure 9.  
Speed, rpm




















Linear bearing, linear or 
squeeze film support
Ball bearing, linear support
Ball bearing, squeeze film support
Figure 8 – Bearing stiffness at 
station 10; imbalance 12 g cm. 
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Figure 9 – Squeeze film eccentricity ratio 
at station 10; imbalance 12 g cm. 
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Linear or ball bearing, linear support
Linear bearing, squeeze film support
Ball bearing, squeeze film support
Figure 10 – Support stiffness at  
























Linear or ball bearing, linear support
Linear bearing, squeeze film support
Ball bearing, squeeze film support
Figure 11 – Support damping at  
station 10; imbalance 12 g cm. 
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Effect of Imbalance Level 
 The preceding results have all been for an imbalance of 12 
g cm applied at station 7, the right-hand concentrated rotor 
mass. Figure 12 shows rotor amplitudes for additional 
imbalance levels u of 6 and 18 g cm. To facilitate comparison of 
results for different imbalance levels, a log scale has been used 
for the ordinate of figure 12. The curves for the cases of linear 
bearings with linear supports then have identical shapes; they 
are only displaced vertically from each other. In the interest of 
figure readability, only three of the four cases analyzed are 
shown for each imbalance; results for ball bearings with linear 
supports are not shown, as they were very close to those for 
linear bearings and supports. The ellipses in figure 12 are to 
indicate which curves the stated imbalance applies to.   
 Results for the base imbalance of 12 g cm are repeated 
from figure 6. Contrary to expectation for this imbalance, at the 
critical speed near 40 000 rpm, case 4 with ball bearings and 
squeeze film supports allows higher amplitude than case 1 with 
optimized linear bearings and supports. This does not occur for 
a lower imbalance of 6 g cm, where case 4 shows the lowest 
amplitudes over much of the speed range. In contrast, at the 
highest imbalance of 18 g cm, amplitudes for case 4 rise above 
the linear case 1, and continue to increase with speed. At the 
critical speed ωcr near 40 000 rpm, and at higher speeds, there is 
a greater relative disparity between case 4 and case 1 results 
than for the base imbalance of 12 g cm. This is contrary to the 
premise stated at the beginning of this section, that the damper 
design should allow an imbalance of 18 g cm with amplitudes 
equal to the optimized linear system. 
DISCUSSION  
The imbalance levels used in the present work are vastly 
higher than in [1]. However, rotor amplitude does not increase 
proportionately, and there are no amplitude spikes at the former 
critical speeds (compare figures 1 and 6). Similarly, bearing 
load and stiffness remain much better bounded than in the 
results of [1] (which are not shown here). Moreover, with 
dampers there are no bistable regions. All these results are 
expected with flexible damped supports. As regards bistable 
operation, it was found in [1] that a small amount of bearing 
damping eliminated the bistable regions shown in figure 1. 
Beyond that, for the base imbalance case of 12 g cm the 
considerable deviation from optimum in ball bearing and 
squeeze film support properties has a fairly small effect on rotor 
amplitude and bearing load, compared to the linear bearing and 
support cases. Apparently support properties well removed from 
optimum can still produce satisfactory results. However, 
support properties are most important near the undamped 
critical speed. In this range, ball bearing stiffness is close to the 
value assumed for the support design, and squeeze film stiffness 
and damping are fairly close to design values. It may also be 
noted that the stiffness K2 of the rotor-bearing combination 
(used to determine optimum support properties) does not 
depend strongly on bearing stiffness, as the considerably lower 
shaft stiffness has a much greater influence on K2. This is 
illustrated in figure 13, which compares stiffnesses of the ball 
bearing, combined rotor-bearing (K2/2, eq. 6), and SFD for case 
4 (ball bearing with SFD). For an optimum support, it is desired 
that K2/2 and SFD stiffness be equal. This is the case near the 
Speed, rpm


















Rotor-brg K2 /2 (eq. 6)
Figure 13 – Bearing, support, and rotor-bearing 
combined stiffness; ball bearing with SFD,  
station 10, imbalance 12 g cm. 
 
 
Station 10 amplitude for various imbalance
Speed, rpm

















Linear bearing & support
Linear bearing, squeeze film support
Ball bearing, squeeze film support
Imbalance 6 g cm
12 g cm
18 g cm
Figure 12 – Rotor amplitude at station 10 for 
 various imbalance and support conditions. 
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critical speed ωcr of 40 180 rpm. The combined stiffness K2/2 
increases very slowly with speed, showing that the softer shaft 
dominates the combined stiffness. SFD stiffness increases 
somewhat more with speed than does K2/2, so it is less than 
K2/2 at low speed and greater at high speed. 
 Resultant rotor amplitudes were higher than expected for an 
imbalance u of 12 g cm (the base condition), and even more so 
at the 18 g cm that the damper sizing exercise above identified 
as a reasonable imbalance for the 0.1 mm damper clearance. 
Figure 14 shows that squeeze film eccentricities do rise above ε 
= 0.4 that was the desired maximum. The rise is only slight for 
u = 12 g cm, but considerable for u = 18 g cm.  Inspection of 
the rotor mode shape reveals the reason for SFD eccentricity 
being higher than expected. Figure 15 presents the mode shape 
at 40 000 rpm for case 4 (ball bearings and SFD) with 12 g cm 
imbalance. The mode shape is shown by two curves; one curve 
shows the amplitude in the direction of maximum rotor 
displacement (labeled irect), and the other the amplitude at 
right angles to the first (labeled quadrature). The two curves are 
of fairly comparable amplitude, indicating that the mode shape 
is significantly nonplanar; this is common when rotor supports 
provide damping as well as stiffness. The overall mode shape is 
a combination of the first mode, (predominantly a bending 
mode peaking at 40 180 rpm for undamped bearings of 70 
MN/m stiffness), and the second mode (predominantly a rigid-
body conical mode peaking at 80 080 rpm). Both modes are 
excited by the single imbalance placed away from the rotor 
midspan. The mode shape shows that the amplitude at bearing 
station 10 is much greater than at the other bearing location, 
station 2. Therefore, the squeeze film at station 10 carries the 
bulk of the imbalance load; it operates with a higher eccentricity 
and correspondingly higher stiffness and damping. This was not 
accounted for in sizing SFD clearance; thus performance is not 
as good as expected. A larger SFD clearance would provide a 
remedy, but at the expense of somewhat less precise rotor 
location.  
 The behavior of combined rotor-bearing stiffness K2
observed above (fig. 13) may be contrasted with two other 
situations. In [8], the bearing stiffness was many times the rotor 
stiffness, resulting in K2 being essentially equal to Ks and thus 
invariant with bearing stiffness. The other extreme is with a 
nearly rigid rotor. In this case, the rotor stiffness may be much 
greater than the bearing stiffness, resulting in K2 being nearly 
equal to the bearing stiffness Kb. In this second situation, 
reasonably accurate rotor balancing often makes damped 
bearing supports unnecessary. 
CONCLUDING REMARKS  
 An analysis was conducted to investigate the effect of 
nonlinear (ball) bearings in combination with nonlinear rotor 
supports (squeeze film dampers with centering springs). Results 
show that, with a properly designed damper, predicted 
performance is little different than for an optimized linear 
support in conjunction with a linear bearing. However, 
imbalance loads larger than designed for can cause performance 
to degrade. Distribution of imbalance on the rotor affects the 
relative loading of the bearings and their associated supports.  
It is important to realize that stiffness and damping 
coefficients of nonlinear supports vary with load, and that an 
analysis can yield accurate results only if accurate support 
properties are used. Analysis of the nonlinear system with all 
possible imbalance distributions is essential in qualifying the 
design of a damped rotor support. Furthermore, ball bearing 
stiffness also varies with loading. These loads may thus affect 
the amount of support stiffness and damping needed for 



















Imbalance 6 g cm
12 g cm
18 g cm
Figure 14 – Eccentricity ratio of station 10 squeeze 






















Figure 15 – Rotor mode shape at 40 000 rpm; 
 imbalance 12 g cm, ball bearings  
with squeeze film dampers. 
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APPENDIX – Details of Rotor Model 
 The rotor design was chosen to be fairly stiff, but not to 
model any particular machine. As depicted in figure 2, for the 
rotordynamic analysis the model has 11 stations with bearings 
at stations 2 and 10, and concentrated masses simulating discs at 
stations 5 and 7. The end sections are each 2.54 cm diameter 
and 3.81 cm long with the bearings 2.54 cm from each end. The 
central section is 3.81 cm in diameter and 22.86 cm long. The 
concentrated masses are 7.62 cm from each rotor end, and each 
provides inertia equal to a disc weighing 1.14 kg with inner and 
outer diameters of 3.81 and 18.1 cm, respectively. 
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